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ABSTRACT
We show that many natural classes of actions of discrete subgroups of semisim-
ple Lie groups have discrete spectrum, i.e., are measurably conjugate to iso-
metric actions.

1. Statement of Main Results

In this paper we describe a fundamental feature of the measure theoretic struc-
ture of certain smooth volume preserving actions of discrete subgroups of higher
rank semisimple Lie groups on compact manifolds. This includes all actions in
“low” dimensional manifolds, actions in which all elements act with sero entropy,
and actions preserving a class of geometric structures. These results constitute
a measure theoretic version of results conjectured to be true in [7,9] concerning
the smooth structure of such actions.

Suppose G is a locally compact second countable group and (X, u) is a stan-
dard measure space with 4(X) = 1 on which G acts 80 as to preserve u. A simple
(but a priors very restricted) class of examples arises by considering a homomor-
phism G — K where K is a compact group, and letting X be a compact metric
space on which K acts continuously. In this case, there is a K-invariant (and
hence G-invariant) topological distance function on X. We say that an action
is measurably isometric if it is measurably conjugate to such an action. If the
action is measurably isometric and ergodic, then (up to measurable conjugacy)
we may take X = K/Kj where Ko C K is a closed subgroup. Thus, the measur-
ably isometric ergodic actions (and via an ergodic decomposition any measurably
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isometric action) can be completely described, up to measurable conjugacy, in
purely algebraic terms. If the compact group K is actually profinite, we say that
the action is measurably profinite.

Returning to the general case, we let x be the unitary representation of G on
L%(X, p) induced from the action. Following standard (but not entirely satis-
factory) terminology, we say that the action of G on X has discrete spectrum
if L?*(X) is the direct sum of finite dimensional G-invariant subspaces. If the
action is measurably isometric, then the Peter-Weyl theorem implies that the
action has discrete spectrum, and it is a classical result of Mackey [1] (general-
izing the corresponding result for integer actions of Halmos and von Neumann)
that the converse is also true. In other words, one can characterize the spatial
condition of being measurably isometric by the purely spectral condition of hav-
ing discrete spectrum. An action is called weakly mixing if there are no finite
dimensional G-invariant subspaces in L?(X) except C. In the case of integer
actions this is, of course, equivalent to the non-existence of an eigenvector for
#(9), g € Z, which is in turn equivalent to the classical definition of weak mixing
via the limits of certain partial sums.

We also recall that for each g € G, there is the (Kolmogorov-Sinai) entropy
h{g) € [0, 00]. We say that the action has sero entropy if h(g) =0 for all g € G.
Actions with discrete spectrum have zero emntropy, but for the integers there
18 a vast array of sero-entropy weakly mixing actions. In fact, from a purely
measure theoretic viewpoint, by virtue of Ornstein’s theory of Bernoulli shifts,
the complication in classifying integer actions arises at the sero-entropy level {(or
more precisely, in studying extensions with sero relative entropy). One of our
main results will be the assertion that for smooth actions on compact manifolds
of certain discrete subgroups of Lie groups, sero entropy is in fact equivalent to
discrete spectrum.

We now give a precise description of the groups we will be considering and
of the geometric aspects of our results. Let S be a finite subset of {oco} U
{primes in Z} and for each p € S, let G, be the set of Q,-points of a connected
semisimple algebraic Q,-group, where Q,, is the field of p-adic numbers if p is a
prime and Qo = R. We assume the Q,-rank of every Q,-simple factor of Gy, is
at least 2. We let G = Hpe s Gp, and shall abbreviate this situation by simply
saying G is a semisimple group of higher rank. If § = {co}, we say G is real,
in which case G is an almost connected semisimple Lie group with finite center.
In fact, for real groups we shall also allow any connected semisimple group with
finite center such that all simple factors have R-rank at least 2, not just the
algebraic ones. (Of course, any such group is algebraic modulo finite groups.)
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If S = {p}, we simply say G is p-adic. Let I' be a lattice in G, i.e., a discrete
subgroup such that G/T' has a finite G-invariant measure. The basic examples
of such lattices are the S-arithmetic groups, and by a theorem of Margulis (2],
[8] {which we will not be using) these are all the examples (in higher rank).

THEOREM 1.1: Let G be a higher rank semisimple group and ' C G a lattice.

Suppose T' acts smoothly on a compact manifold preserving a volume density.

Then the following are equivalent:

(a) The T action has sero entropy.

{b) The T action is measurably isometric {or equivalently, has discrete spec-
trum).

(c) There is a I'-invariant measurable Riemannian metric on M.

The implication (a) = (c) is proven in [5]. (Actually [5] only considers the
real case. However, these arguments work in general, using the results of [8,
Chapter 10].) We have already remarked that (b} => (a). The main argument
of this paper is to show (c) = (b). In [7] it is also shown that natural geometric
hypotheses on the action imply condition (c). Namely, suppose dim M = n and
H c SL(n,R) is a real algebraic subgroup. If I preserves an H-structure on M,
then by [7] either there is a non-trivial Lie algebra homomorphism o, — X,
or the I action has an invariant measurable Riemannian metric. Therefore, we
deduce:

THEOREM 1.2: Suppose every Lie algebra homomorphism §o, — X is trivial,
and that T’ preserves an H-structure on M. Then the T'-action is measurably
isometric.

We present two special cases of particular interest. Let d(G) = min{d | there
is a non-trivial Lie algebra representation Go, — §£(d,C)}.

COROLLARY 1.3: Ifn < d(G), then any volume preserving action of I' on a
compact n-manifold is measurably isometric.

If G is p-adic, then Go, = (0). Hence:

COROLLARY 1.4: IfT is a lattice in a higher rank semisimple p-adic group,
then any smooth volume preserving action on a compact manifold is measurably
isometric. In particular, there are no such weakly mixing actions.
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If G is real, simple, has a Q-structure with Q-rank at least 2, and T' is the
arithmetic lattice Gz (e.g. Gz = SL(n,Z) where n > 3), then every homomor-
phism of Gz into a compact Lie group has finite image. Thus, every measurably
isometric action is measurably profinite. For example:

COROLLARY 1.5: LetT = SL(n,Z) where n > 3. If M is a compact manifold
of dimension d with d < n, then any smooth, volume preserving I'-action on M
is measurably profinite (and in particular is not weakly mixing).

We have conjectured in [7, 9] that the conditions in Theorem 1.1 are in fact
equivalent to the existence of a smooth I-invariant Riemannian metric, i.e., that
the action is isometric, not just measurably isometric.

Our techniques in this paper also yield results for lattices in those R-rank 1
groups with Kazhdan’s property.

THEOREM 1.6: LetT be a discrete Kashdan group. Then any smooth volume
preserving action of I' on a compact surface is measurably isometric.

Our proofs depend very strongly on the local analysis that iz available by as-
suming the actions are smooth actions of manifolds. It would be very interesting
to know whether or not conditions (a) and (b) in Theorem 1.1, for example, are
equivalent outside the class of smooth actions.

As we indicated above, the proof of Theorem 1.1 is reduced to showing that the
existence of a measurable invariant Riemannian metric implies that the action
is measurably isometric. For an action of an arbitrary group this implication is
false. A. Katok has constructed volume preserving diffeomorphisms of compact
manifolds which have a measurable invariant Riemannian metric but which are
weakly mixing. However, all the results stated above follow from the next the-
orem (when combined with the results of (5], [6], [7]). (In [6] it is shown that
any Kazhdan group acting on a compact surface preserving a volume has an
invariant measurable Riemannian metric.)

THEOREM 1.7: Let T' be a discrete Kashdan group acting smoothly on a
compact manifold preserving a smooth volume density. If there is a measurable
T-invariant Riemannian metric then the action has discrete spectrum.

The idea of the proof of Theorem 1.7 is as follows. Let m +— w(m) € S?(T* M)
be a measurable invariant Riemannian metric. Extend each w(m) to a smooth
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metric w,, defined in a neighborhood of m € M. Fix r > 0, and for each m,
let fm € L?(M) be the normalized characteristic function of the ball of radius
r centered at m with respect to the metric wy,. Define F, € L?(M x M) by
F.(m,z) = fm(z). Fix a finite generating set o C I' and let § > 0. By
virtue of the invariance of w(m), one can show that for r sufficiently small we
have ||y - F, — F,|| < 6 for v € To. In other words F, is (Lo, 6)-invariant.
By Kazhdan’s property, if we choose § sufficiently small this implies that F;
is close in L?(M x M) to a I-invariant function. Ome can verify that this is
not a constant function which yields the existence of some non-trivial finite
dimensional T-invariant subspace in L?(M). One then needs to see that this
general construction can be carried out so that these finite dimensional subspaces
generate L?(M), an issue which presents further non-trivial complications.

2. General Properties of Measurable Actions of Kazhdan Groups

In this section we formulate some consequences of Kazhdan’s property for a
group acting on a measure space. Throughout this section I' will be a discrete
Kazhdan group and Iy C T a fixed finite symmetric generating set. If (N,v) is a
probability space and B C N has positive measure, we let vg be the probability
measure vg(A) = v(AN B)/v(B).

PROPOSITION 2.1: Suppose 0 < ¢ < 1. Then there is some € > 0 such that
for any measure preserving T-action on a probability space (N, v) and any set
D c N with vp(yDND) > 1—e¢ for all y € Ty, there is a T-invariant set Y ¢ N
satisfying vy (Y N D), vp(Y N D) > q.

For the proof, we first recall that Kazhdan’s property asserts that there is
some € > 0 such that for any unit vector f in a Hilbert space on which T
acts unitarily via x with no non-trivial invariant vectors, there is some v € T
such that ||x(7)f — f|| 2 &. ( See [8].) This immediately admits the following
reformulation.

LEMMA 2.2: Given any § > 0, there is some € > 0 such that for any unitary
representation (x, H) of T' and any (¢',T)-invariant unit vector f € H, there is
a I'-invariant unit vector h € H with ||h — f|| <§.

Proof: Let € be as above. If f is an (¢/n, [)-invariant unit vector, write f =
fo + f1 where fo € Ho, the space of I'-invariant vectors, and f; 1 Hy. Then
f1 18 (¢/n,To)-invariant, and since Hy" has only trivial I-invariant vectors we
have {[x(v)fi — f1ll 2 €||f1]| for some 4 € T'g. By &/n-invariance, we deduce
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e/n > €|l f1ll, so || fa]] < 1/n. Therefore, || fo[|> > 1—1/n2, ||f - fo||? < 1/n? and
letting h = fo /] fo|, it is clear that for n sufficiently large we can take & = ¢/n.
0

Proof of Proposition 1.2: Given 0 < ¢ < 1, let § > 0 satisfy ¢ < (1—6)(1—6/2)?
(and in particular ¢ < (1—§).} Let &' be as in Lemma 2.2 for this choice of § and
set € = ¢'/2. If A C N, let f4 be the normalised (in L?) characteristic function
of A. Thus, fa| A=v(A)"%/2 and f4| A° = 0. Since ' preserves v we have

| fo = fapll? = v(+D & D)/v(D).

By the hypotheses on D we deduce that fp is an (¢',I'o)-invariant unit vector.
By Lemma 2.2, we can choose a unit vector h € L2(N) that is I-invariant with
lh = foll < 6. Let

Y = {z € N|h(z) > (1 - 6*/2)y(D)~/?}.
Then Y is I'-invariant and on D NY*® we have

Ik = fol* 2 60(D).

Therefore,
622 ||h— fplf®* = sv(D) " 'w(DNY"),
and so
v(DNnY®)
- <$
v(D) ~
= (DNnY)
v
_— 151 .
o) > 1-é6>¢

On the other hand, we have fy h2<1, 80
(1-6Y3)2(D)"y(Y) < 1.
Therefore
v(¥)™! > (1-61%)%(D)?
and so

v(DNY) > v(DnY)

v(Y) — v(D) (1- 51/2)2 >(1-6)(1- 51/2)2 > q.

O

We will be applying Proposition 2.1 to the case in which N = X x M where

X and M both have Iinvariant probability measures and the I' action on X is
ergodic. To this end, we record the following elementary fact.
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LEMMA 2.3: Fix0<g< 1, and 0 < n < 1. Then there is some ¢’ with
g < ¢’ < 1such that for any f : X — [0,1] with [ f(z) > ¢’ we have u({z|f(z) >
q}) = n. (Here we are assuming (X, u) is any probability space.)

Proof: We have
(o) +w(ra ) 2 [ 724
Thus, for a = p(f~![q, 1]), we have
gl-a)+a>¢,

80

el

1-¢q°

Thus, we need only choose ¢’ < 1 such that (¢’ — ¢)/(1—q) > 1. O

We now consider two I'-spaces X and M with invariant probability measures.
FACXxXxM and z € X, welet A, = {m € M|(z,m) € A}.

COROLLARY 2.4: Suppose (X, po) and (M, u) as above and that ' acts er-
godically on (X, po). Let N = (X x M, v) where v = poxX . Given any0 < ¢ < 1
and any 0 < n < 1, there is some € > O with the following property: For any set
D C X x M satisfying

(a) v(yDND)/v(D) 21— ¢ for vy €Ty, and

(b) w(D.) is independent of z € X (and hence equals v(D)),

there is a I'-invariant set Y ¢ X x M such that

({ |p( z(; ;73) >a #(2’3(;31)33) > q}) > .

Proof: Given g and n choose ¢’ as in Lemma 2.3. Apply Proposition 2.1 to ¢'
to find e. Then if D C X x M satisfies (a) and (b), we have a I-invariant
Y < X x M such that
v(YnD) v(YNnD)
WYy v =1

We observe that £ — u(Y;) is I-invariant since Y is I-invariant, hence by
ergodicity is constant, and that this constant must then be »(Y). Thus

u(Y.n D,) WY nD)
/ A v(Y)/‘Y”D"‘ o)
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One has a similar assertion for u(Y, N D;}/u(D,) by hypotheses (b), and the
result then follows from the conclusion of Lemma 2.3. a

3. Construction of Almost Invariant Sets

We now return to the situation in which (M, u) is a compact n-dimensional
manifold with a smooth I-invariant probability measure, and for which there is a
measurable I'-invariant Riemannian metric. We shall use a Taylor series estimate
and Corollary 2.4 to produce small I'-invariant measurable sets in M X M that
are not too badly behaved with respect to balls in M.

We choose a point p € M. For simplicity we may assume p = 0 € R™ and
that M contains a neighborhood of 0 in R®. By Moser’s theorem [3] we may
assume p is the standard Lebesgue measure on this neighborhood of D. We
then fix a smooth Riemannian metric on M which is the standard flat metric in
a neighborhood of 0. We denote by B(z,r) the ball of radius r centered at z with
respect to this metric. We may assume that the smooth measure associated to
this metric is u. We let J¥(M) — M be the vector bundle of k-jets of R-valued
functions on M. The Riemannian metric on M determines a metric on these
bundles, and if o € Diff,(M) (the diffeomorphisms preserving u) we denote by
llellx the norm of the linear map ¢ induced on C{M; J*M), the Banach space
of continuous sections of the bundle J*M. Let Dy = {p € Diff,(M)|(0) = 0},
J¥(Do) the group of k-jets at O of elements of Dy and py : Do — J*(Dg) the
canonical projection. Let z — h, be a Borel map M — Diff,,(M) such that

(i) he(z) =0,
(i) {lihzll2s |z 1]lz]lz € M} is bounded.

The existence of such a map follows in a routine manner from compactness of M.
Define a(y,z) = hyz0yohz!, so that a : ' x M — Diff,(M) is a Borel cocycle.
Clearly o(I'x M) C Do, and if T'¢ C T is a finite set, then {||¢|2 |¢ € a(Tox M)}
is a bounded set of real numbers.

The cocycle pooa : I' x M — J?(Do) is measurably equivalent to a cocycle
into a compact subgroup of J?(Dy). This follows from the facts that:

(a) The existence of a measurable invariant Riemannian metric on T'M is readily
seen to be equivalent to the assertion that p; o a is equivalent to a cocycle
taking all values in a compact subgroup K; of J1(Dy);

(b) J3(Do) = J*(Dop) x V, where V is a vector group; and

(c) K;: x V is amenable, and hence any cocycle for a Kazhdan group taking
values in K; X V must be equivalent to one taking values in a compact
subgroup. This last assertion is [8, Theorem 9.1.1] (cf. [7], Prop. 4.7).
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We are not assuming that the smooth measure  is ergodic. We fix a I'-ergodic
component (X, uo) of (M, u) for which the cocycle p; o a is still equivalent to
one into a compact subgroup K of J%(Dg). (This will be true for almost every
ergodic component.) We may clearly assume that K C O(n) C J?(Dy), where
we identify O(n) with the 2-jets of orthogonal linear maps. We can in fact just
let X = M, and view yug as simply another I-invariant probability measure on
M for which pz o is equivalent to a cocycle into K < J2(Dg). We shall continue
to denote M by X when we are considering it to be endowed with the measure
ko. We note that we have no a priori smoothness properties of u.

We now implement the equivalence of p; o a to a cocycle into K by a function
1. In other words, we choose a measurable v:X— J?(Dy), z + ¥,, such that

B(7:2) =¥ (p2 0 a)(1,2)%, | € K C J*(Do).

Lift ¥ to a measurable map ¢ : X — Dy. Then define the cocycle g : T'x X — D,
by

0’('7:-'5) = 'p'yza('h z)¢;1 = ('1"12 ° h'rz) oqo (¢= ° hz)-l'
Define A: X — R by

AMz) = max{[|$z 0 hellz, [|(¥= © k)M 2},

so that A is a measurable function, and A(z) > 1 (since these diffeomorphisms
are all volume preserving).

THEOREM 3.1: Let A be as above and fix 1/2 < g < 1, and 0 < 5 < 1.
Then for any r > 0 sufficiently small, there is a T-invariant measurable subset
Y" C X x M (depending upon r) and a measurable subset X* c X {depending
upon r} such that:

(1) po(X7) > n.
(2) Forallz € XT
WY 0B M) |
I‘(Yz) -

(3) For aliz € X",
p(Yz N B(z, Mz)r))
#(B(z, A(z)r))
where cq is a constant (independent of r and depending only on the original
choice of smooth Riemannian metric on M), and n = dim M.

> coA(z)™™
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Proof: Given g and ), choose € as in Corollary 2.4 when the latter is applied to
¢ and -";'—1 Now choose a set X; C X such that for X, = n‘yEI‘o ~X; we have

po(Xo) > max{11=,1- 5
and such that ) is bounded on X;. From the definition of o it follows that there
is a constant & € R such that ||o(n, z)||2 < & for all z € X, and all y € Ty.

For each ¢ € Dy such that p; o p € O(n) C J3(Dy), from the Taylor series
expansion around 0 we have for z in a fixed neighborhood of 0 (independent of
), that |p(z)| < |z| + ||@l|2|z[2>. Thus, for r sufficiently small, we have for all
p € 0(I'o X Xo) that

©(B(0,r)) € B(0,r + &r?).

Assuming (as we may) that Lebesgue measure is suitably normalized, we have
w(B(0,r)) = r™. It follows that we can find r; so that for r < r,

s(BOY)
a(BO,r+ &)+ er) -

Since any @ € o(Tg X Xo) preserves u, we also have

wle(BON) L, ¢
(B, + &) > 171

for any such ¢ and r < r;. Since both B(0,r) and ©(B(0,r)) are contained in
B(0,r + £or?), we deduce

MBO.N) Np(BON) o | e
WEBOr &) o 2

| o

It follows that
WBOAN(BOA) e
I‘(B (Ov r)) -

as well.

We now use this to construct a set D C X x M satisfying the hypotheses of
Corollary 2.4. Fix r < r;. For z € X, let D, = (¥z 0 h;)"1B(0,r) C M. Then
u(D;) = p(B(0,r)) for all z. If z € Xo and v € 'y, then

l‘("Dz n D'yz) = I‘('Y('ﬁz ° hz)_lB(O: ") n ('pqz ° h’w)_lB(O, '))
and since ¥ o h,, preserves u this

= u(o(1,2)B(0,r) N B(0,r))
> (1= 2)u(B(0,r))
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by the preceding paragraph. It follows that

B((1D)52 N Dss) 2 (1= 2)u(B(O,1))
and therefore that
vr0 D) = [ W(rD)e 1 D.)dvol)
> (1~ 3)a(B(0, ") o (Xo).

Since
YD) = / u(Ds) duolz) = u(B(0, 2),

and po(Xo) > 1 — £, we have

v(yDn D)

) >(1-2)-3)21--

Applying Corollary 2.4 (and recalling that ¢ was chosen to work for the pair
(g, £*)), it follows that for any r < r; we have a [-invariant set Y" satisfying
the conclusions of Corollary 2.4 for a set of z of uo-measure at least 1+ Z. Since
po(Xo) > 112 as well, we deduce that there is a set X" C X (in fact X" C Xo)
with po(X") > n such that for z € X", we have

() w(¥Z 0 Da)/u(Y7) 2 4,
(i) u(Y7 N D;)/u(D:)2 q.
From the definition of D, and A(z}, we see that D, C B(z,A(z)r) and hence
assertion (i) implies conclusion (2} of Theorem 3.1. It remains only to prove (3).
By what we have just verified,

s(Y. N B(z,A(z)r)) | p(Y;ND:)  p(Ds)
B(B(z,A(z)r))  —  w(Dz) w(B(z,A(z)r))
> —HBO.7)
= “u(B(z, M(z)r))

The proof is then completed by the following remark.

LEMMA 3.2: Let M be a compact Riemannian n-manifold with volume u.

Then there is some constant co such that for all r sufficiently small, we have for
allml,mgeMandallz\Zl that

“(B(ml’r)) coA~ ™
W(B(mg, )] = X



76 R. ZIMMER Isr. J. Math.

Proof: This is clear in Euclidean space. By a local uniform comparison with a
flat metric, it will be true locally. Compactness then ensures it is true on all M.

O

4. Proof of Theorem 1.7

The simple existence of a non-trivial I'-invariant set ¥ in X x M (which is guar-
anteed by Theorem 3.1) is enough to show that there is some discrete spectrum
in L?(M). We shall in fact prove the entire spectrum is discrete by making use
of the additional information in Theorem 3.1.

We let (Z, p) be the maximal measurable factor of (M, u) with discrete spec-
trum. That is, we have a I'-space Z with invariant probability measure p, and a
measure preserving ['-map M — Z such that under the corresponding inclusion
L?(Z) — L?*(M), L?*(Z) is the closure of the sum of all finite-dimensional I'-
invariant subspaces of L2(M). Such an (essentially unique) Z exists by {4, Thm.
7.1]. Our aim is to show M = Z.

For z € Z, let M, be the fiber over z and if A C M, let A, = AN M,. Let
p={ ® 4:dp(z) be the decomposition of u over the fibers of M — Z. We can
write Z = |J Z;, ¢ € {oo}U{n € Z|n > 0} such that card(M,) =1 if z € Z;. From
this it is easy to see that if M # Z, we can fix aset A C M with 0 < u(4) <1
such that if Zy = {z € Z|A, # 0}, then u.(A,) is constant over z € 2y, and
this constant is not 0 or 1. Define § : M — R by defining 6, = 0|M, to be
8, = Xa, — bs(Az). Therefore, there are constants c,c’ > 0 and a decomposition
M = AU AU A" such that 0|4 = ¢, 6|4’ = —¢’, §|A" = 0. Furthermore,
§ L L?*(Z) c L?(M). We fix such A,0,c,c' throughout the remainder of the
proof.

If f € L?*(X x M) is I'-invariant, let Ty : L?(M) — L?(X) be the corresponding
integral operator. Then T} Ty is a compact self-adjoint operator in L?(M) whose
eigenspaces for non-0 eigenvalues will be finite dimensional I'-invariant subspaces.
Since these are all contained in L?(Z) and 6 L L?*(Z), it follows that we must
have 8 € ker(T; Ty) = ker(Ty) for any such f. To prove the theorem, it therefore
suffices to construct such an f for which 8 ¢ ker(T}), thereby contradicting
M # Z. We shall do this by taking f to be the characteristic function of a
suitable set Y" constructed in Theorem 3.1.

We first choose g and 5 in Theorem 3.1. First fix 1 > n > 1 — po(a)/8. (By

a suitable choice of ergodic component uo, we may assume po(A4) # 0.) Now
choose X; C X such that uo(X;) > n and there is A € R with A(z) < A for all
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z € X;. Then choose ¢ so that
max({c, c'})il—;q-)- <ccoh™ /4

(where ¢, ¢’ are as above and cq is as in Theorem 3.1). We claim that for this
choice of 1 and g, by taking r sufficiently small 6 ¢ ker T}, for f = x,..
By the Lebesgue density theorem, for u-almost all z € A we have

. (AN B(z,r))
" wB@n)

It follows that for almost all I'-ergodic components of (M, u) this same limit
exists almost everywhere with respect to the ergodic component. Therefore, we
may suppose that the ergodic component (X, o) of (M, u) was chosen originally
so that for ug-almost all z € A,

=1,

. #(AN B(z,1))

R wBa) -

Define, for w < 1,

_ u(A N B(z, s))

Aur = {2 e AIETEE S
Choose w < 1 such that (1—w)(c+c') < ccoA~"/2. Then there is some R, such
that if r < R,,, we have uo(Au ;) = po(A)/2.

Finally, choose r > 0 such that
(a) Ar < R,; and
(b) the conclusions of Theorem 3.1 hold with the above choices of 5 and gq.
We then have uo(X") > 1— pg(A)/8 (by choice of n), puo(X1) > 1— po(A)/8 (by
choice of X), and uo(Au,ar) > po(A)/2. It follows that ug(4, 2-NX"NX,) > 0.
For ease of notation, with r thus chosen, we set Y” =Y. We show 8 ¢ ker Ty
for f = x,,. To do this it suffices to show that if z € A, s, N X™ N X, then
(Ty6)(=) # 0.

We have

>w fora110<s<r}.

(T/6)(2) = [ F(a,m)o(rm) ds(m)

=/ 6du

=hL+D
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where

Il =/ f and Iz =/ 6.
YanB(z,A(z)r) Y.~Y:NB(z,A(z)r)

Recalling that 8|4 = ¢, §|A' = —¢' and §|A" = 0, we have
I = cu(Yz N Bz, A(z)r) N A) — 'u(Yz N B(z, A(z)r) N A').
Since z € Ay.ar and A(z) < A (since z € X}, we have

BBEN)4)
B @)

and since z € X", we have

p(Yz N B(z, A(z)r))
#(B(z, A(z)r))

> coA(z)™" 2 oA
Therefore
cu(Yz N B(z, A(z)r) N A) 2 c(coA™™ — [1 ~ w])u(B(z, A(z)r)).

For the second term in I we observe

p(B(z, A(z)r) N A')
#(B(z, A(z)r))

<1l-w.
Therefore
—c'u(Yz N B(z,A(z)r) N A") 2 —c'(1 — w)p(B(z, A(z)r)).

Hence
I > [ecoA™ — (1= w){c + ¢)]u(B(=, A(z)r)).

By the choice of w, we deduce

ccoA™"
2

L> p(B(z, A(z)r)).

To estimate I, observe that from Theorem 3.1 we have

p(Yz N B(z,A(z)r))
u(Yz) 29

80

p(Ye = Y2 Bla, Ma)r)) < (1 - qJa(¥a).
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Therefore,
|I2] < max({c, c'})(1 - g)u(Yz).
We also have
(v < M0 BEAE))  sBle (@)
== q = q
Hence

1—g¢g

\T2] < max({e, ') —

p(B(z, A(z)r))-

By the choice of ¢ we then have

ccoA™"
15l < 277 B(a, Mar).
This shows A\-n
L+L2 “04 #(B(z, A(z)r)),
and this completes the proof of the theorem. O

5. Further Questions

Are there smooth volume preserving actions of Kaghdan groups on compact
manifolds which have zero entropy but do not have discrete spectrum? For
lattices in a higher rank of groups, Theorem 1.1 asserts that this is not the case.
The additional information one has available in the higher rank case is of course
deduced from superrigidity for cocycles.

Does every measure preserving sero entropy action on a compact metric space
of a lattice in a higher rank group have discrete spectrum? More generally, is
this true for Kazhdan groups?
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